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ABSTRACT Corrosion in aluminium alloys is initiated and sustained at constituent particles
within the metal matrix via a localized galvanic process. These particles are also
known to play a critical role in fatigue crack initiation and growth. Consequently,
statistical characterization of particle geometrical features is critical when modelling
corrosion and fatigue. A key statistic is particle size distribution, which was extensively
modelled here via imaging of unstressed and fatigued 7075-T6 aluminium alloys.
Fatigued samples were obtained from the outer wing panels of teardown specimens
from retired military aircraft. The purpose of this effort was therefore to analyse
extensive sets of particle geometry data obtained via microscopy using advanced
multimodal statistical modelling and to appropriately characterize the properties of
constituent particles and fatigue cracks found in these specimens. The resulting
distribution functions for the underlying modes are assumed to be three-parameter
Weibull distribution functions.

Keywords 7075 aluminium alloy; fatigue crack lengths; multimodal distributions; particle
induced cracking; particle geometry; particle statistics; teardown data.

NOMENCLATURE A-D = Anderson-Darling
cdf = cumulative distribution function
cv = coefficient of variation

F(x) = Weibull cumulative distribution function
Fmax = dominant mode model
Fmix = mixture mode model

i = data point rank
K-S = Kolmogorov-Smirnov

M.L.E. = maximum-likelihood estimation
m2 = particle second moment about the origin

OWP = outer wing panel
n = sample size
pi = probability plotting points
L = longitudinal direction
T = transverse direction
S = short transverse direction

SEM = scanning electron microscopy
α = Weibull shape parameter
β = Weibull scale parameter
γ = Weibull location parameter
μ = distribution estimated mean
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I NTRODUCT ION

The importance of constituent particles in aluminium
alloys has been well documented.1–3 The geometric
features of particles are key variables in modelling the
damage evolution of both corrosion and fatigue crack
growth in materials,4 and as such, their statistical model-
ling is of great importance.5–9 In the present research, a
multimodal cumulative distribution function (cdf) for
which the underlying modes are charaterized by a
three-parameter Weibull cdf is shown to successfully
model the distribution of particles larger than 6.0 μm2

(to ensure accuracy in area measurement for optical
imaging at 20×) in both unstressed and fatigue-damaged
7075-T6 aluminium alloys, based on eight samples (one
common alloy and seven teardown samples from retired
military airplane outer wing panels).

The purpose of this paper is to analyse the extensive
sets of data obtained via microscopy using multimodal
statistical modelling methods, as well as to statistically
characterize particle induced fatigue crack lengths. A
bimodal model was shown to characterize the critical
particle geometric features well, given the upper and
lower tail variability present in particle data, which
cannot be represented by the typical lognormal or
Weibull cdfs. The impact on fatigue growth modelling
is important, as the appropriate choice of particle statis-
tics models will impact the reliability of failure prediction
modelling. The multimodal Weibull cdf, although more
complex, is strongly suggested here as being required to
capture distinct particle characteristics.

MATER IALS AND METHODS

Specimens from an unstressed common 7075-T6
aluminium alloy manufactured in about 2004 were
compared to specimens taken from seven 1960s vintage
outer wing panel (OWP) teardown inspections. The
specimen size used for particle inspection on each of
the three surfaces for all eight materials is as follows: each
frame was 328.8 μm by 263.5 μm for an area of
86638.8 μm2. There were 36 frames (contiguously)
observed for a total area of 3.12mm2. Despite many
changes since the 1960s in processing and refining tech-
niques for these alloys, the specimens compared were
inferred to be of nearly identical composition, as
evidenced by the similar number of constituent particles
observed per mm2. The chemical composition of
common 7075-T6 used for these experiments is reported
by Rollett et al.11 Specimens from both sources were
polished and lightly etched so that the constituent particles
could be easily observed using standard optical microscopy.

An image analysis system (LECO Corporation) with
automatic stage was used for these observations.

The critical geometrical properties of the constituent
particle are the area, longest chord and aspect ratio
(defined as the long chord length divided by the short
chord length); all of which are important variables in
modelling the mechanics of materials. For consistency,
and in order to have a sufficiently measurable field of
view, all microscopy was conducted at 20 magnification
on a Nikon Microphot microscope, equipped with a
Clemex 1.3C high resolution video camera. Clemex
Vision PE 5.0 image analysis software was then used to
obtain micrographs at high resolution (3.89 pixels/μm).
Images obtained this way provided large sample sizes of
particles, thus facilitating accurate statistical modelling.
Approximately 2000 particles, with cross sectional area
greater than 1μm2, were analysed from 1mm2 polished
sections of the unstressed 7075-T6 aluminium alloy. Com-
parisons were also made between specimens, which were
from different ingots and processed at different times.

The teardown data were collected from specimens
taken from seven different OWPs, also constructed from
7075-T6 aluminium alloy. The OWPs investigated, one
of which is shown in Fig. 1, originated from a retired
EA-6B military aircraft with a significant fatigue loading
history. The OWP measures 4.24m long with and area
of about 11.7m2. Twelve samples were collected from
the same region of the OWP and mounted in an epoxy
base, such that specific rolling directions could be
observed. Micrographs of typical surfaces are shown in
Fig. 2, where L represents the predominant longitudinal
direction of rolling during processing, T is for transverse
and S is for short transverse, which represent the
directions relative to rolling. Inspection of fastener holes
within the OWPs revealed fatigue cracks that had
initiated from constituent particles, an example of which
is shown in Fig. 3. Sufficiently, many fatigue cracks were
found to allow for their statistical modelling.

PART ICLE STAT IST ICS

For common 7075-T6, an area exceeding 15mm2 and
containing over 32 200 particles with cross sectional area
greater than 1μm2 was evaluated on the LS surface. On
aircraft wings, the LS surface corresponds to the surface
in fastener holes subjected to high stress loading and is
therefore the most strategic surface to characterize for
the observation of corrosion damage. For fatigue damage,
however, the LT and TS surfaces are equally important
for different types of crack growth, and areas exceeding
7mm2 have been analysed for those surfaces of common
alloys, on which over 9400 and 16200 particles with cross
sectional areas greater than 1μm2 were observed,

1282 C. V. HADEN AND D. G. HARLOW

© 2014 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2014, 37, 1281–1290



respectively. Given these large sample sizes, the statistical
character of individual particles can be estimated quite ac-
curately. In addition, similar data with comparable sample
sizes have been collected from the seven distinct OWPs,
specifically, where the observed surface area exceeds
7mm2.

Constituent particle feature modelling has been per-
formed here using the Weibull cdf as the underlying cdf
for the multimodal analyses. The choice of the Weibull
cdf is somewhat pragmatic in that it is easy to use, and it
is commonly used to statistically characterize material
properties. The three-parameter Weibull cdf is given by

Fig. 1 Lower wing surface of a retired EA-6B outer wing panel (OWP).

Fig. 2 Composite optical micrographs showing constituent particles along the LS, LT and TS surfaces of (a) an outer wing panel teardown
specimen and (b) the common alloy material.

Fig. 3 Fatigue crack on the LS surface of the wall of Hole 26 on OWP 0984; 7075-T6 aluminium alloy. Shown in the rectangle on the left is
the approximate location for fatigue crack initiation, with a higher magnification of the crack location on the right.
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F xð Þ ¼ 1� exp � x� γ
β

� �α� �
; x ≥ γ ; (1)

where α is the shape parameter, β is the scale parameter and
γ is the minimum value or location parameter.

Throughout this paper, the data are statistically
grouped, and thus, all identical data are represented graph-
ically by a single value on probability paper. Because digital
images obtained via optical microscopy provided a resolu-
tion of only a few pixels, small particles tend to produce
discretized data with large numbers of particles recorded
as having identical sizes. For larger particles, the areas are
sufficiently different that the statistical group size is one.
For example, over 12 500 particles were observed to have
an area of only 0.42μm2, which is the smallest recorded
value for resolution at 20 magnification. Because there is
some measurement discrepancy for these smallest areas,
the data have been truncated at 6.0μm2 on the area
(because area measurements are most accurate), which
corresponds to a radius of about 1μm for approximately
circular cross sections, to eliminate the pixelation problem.
Truncation has a pronounced effect on the statistical
behaviour of the data, and thus, the three-parameter
Weibull cdf is well suited for the lower tail of the data.
Other uses of the three-parameter Weibull cdf can be
found in previous literature.2,3

Common 7075-T6 aluminium alloy: particle statistics

Figures 4, 5 and 6 show the cumulative distributions of
the area data for particles on the LS, LT and TS surfaces,
respectively. Area data were plotted against estimates of
their cdf probabilities on two-parameter Weibull proba-
bility graph paper for convenience. These nonparametric
probability plotting points are defined by Eq. (2);

pi ¼
i

nþ 1
; (2)

where i is the rank of the data points and n is the sample
size. An advantage of the Weibull graph paper is that it
accentuates the lower tail of the data. It is obvious that
these data are not linear, except, possibly, for short inter-
vals in the range which would provide an overly simplistic
model for the data. Furthermore, there is huge scatter in
the particle area data, exceeding three orders of magni-
tude. The solid lines are the estimated cdfs for the data.
Past analyses have assumed that a truncated Weibull cdf
was adequate to model the data2; however, upon closer
inspection, the upper tails are not as accurate as they
could be in those analyses. Depending on the intended
application for the model, as well as the mechanics of ma-
terials used for the analysis, either the upper or lower tail of
the cdf becomes critical. Consequently, a more precise an-
alytical model is proposed here for the entire range of data.

The data are statistically bimodal as they display two
distinct regions. One region denotes small particle areas
and represents the preponderance of the data, while the

Fig. 4 Area data for particles on the LS surface of common 7075-T6
aluminium alloy with estimated cdf; Weibull probability paper.

Fig. 5 Area data for particles on the LT surface of common 7075-
T6 aluminium alloy with estimated cdf; Weibull probability paper.

Fig. 6 Area data for particles on the TS surfaces of common 7075-
T6 aluminium alloy with estimated cdf; Weibull probability paper.
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other represents the data for the large particle areas. The
proposed model is the dominant mode model for which
the data are assumed to be characterized by the maximum
of the two statistically independent and distinct modes.10

This is equivalent in systems analysis to a parallel model
for the modes. The cdf is the product of the cdfs
representing the two modes, that is,

Fmax xð Þ ¼ F1 xð ÞF2 xð Þ; (3)

where 1 and 2 stand for the modes associated with the
lower and upper tails of the data, respectively. This cdf
(Fmax) is appropriate when the dominant mode model is
applicable, which produces the maximum mixture model
for the distinct modes. For particle areas, accurately
characterizing the large particle areas may be the most
important for certain damage processes.

Specifically, for the data being considered, the under-
lying cdfs are assumed to be three-parameter Weibull
cdfs given by Eq. (1). Substituting the corresponding cdfs
into Eq. (3) gives rise to the following form for the
proposed cdf:

F xð Þ ¼ 1� exp � x� γ1
β1

� �α1� �
� exp � x� γ2

β2

� �α2� �

þexp � x� γ1
β1

� �α1

� x� γ2
β2

� �α2� �
:

(4)

The parameter estimation was performed bymaximum-
likelihood estimation (M.L.E.), and the estimated cdfs
also appear to be excellent characterizations for the data,
as seen from Figs 4–6. Because the upper tail is com-
pressed on two-parameter Weibull probability paper,
the data and cdfs are also shown on two-parameter
Fréchet probability paper to expand the upper tails
(Fig. 7). As with the Weibull paper, the Fréchet paper
was selected for expediency. Again, the proposed cdfs
are excellent representations for the data. In fact, only
two LT area data are clearly separate from the proposed
cdf. Table 1 contains the parameters for the cdf in Eq. (4)
for all three surfaces, when the area has been truncated at
6.0μm2. The goodness-of-fit was established using both
the Kolmogorov–Smirnov (K–S) and the Anderson–Dar-
ling (A–D) tests with any significance less than 0.25, as
seen by the tight graphical fit between the model and
the data. Notice that the shape parameters for the upper
and lower tails are very small, which reflects the large
amount of scatter in the data. The scatter in the upper
tails is especially large because the data in that portion
of the distribution is scattered over an order of magni-
tude for a small number of data. The reason for this be-
haviour is that observing the largest particle areas
requires microscopy over very large areas, and even so,

the sample size for large particles remains very small.
The difference in the data for the three surfaces is suffi-
ciently great, confirmed by the standard likelihood ratio
test, that they cannot be merged. Part of the reason for
this is the way in which the material is prepared and proc-
essed. In the rolling direction L, the particles tend to be
longer. Consequently, accurate estimation of the particle
features must be conducted on each surface indepen-
dently. Because the number of data for each surface is
quite large, the statistical characterization is rather good.

Also shown in Table 1 are the estimated mean (μ), the
second moment about the origin (m2) and the coefficient
of variation (cv) for the complete cdf. As expected, the cv
is rather large because the entire data span about three
orders of magnitude in size. With this much scatter, the
mean is not that helpful for characterizing the statistical
behaviour, especially because the majority of the data
are for small areas. In other words, the mean is not that
useful for bimodal cdfs. In passing, it should also be men-
tioned that the minimum value for the upper tail portions
of the bimodal cdfs are zero because there is no effective
truncation in that portion of the data, effectively making
the cdf for larger particles a two-parameter Weibull cdf.

Fig. 7 Area data for particles on the LS and LT surfaces of common
7075-T6 aluminium alloywith estimated cdfs; Fréchet probability paper.

Table 1 Estimated parameters for particle area (μm2) on the LS,
LT and TS surfaces of common 7075-T6 aluminium alloy

LS LT TS

α1 0.65 0.53 0.67
β1 (μm2) 20.0 27.5 15.5
γ1 (μm2) 6.0 6.0 6.0
α2 0.14 0.19 0.12
β2 (μm2) 1.9 × 10�4 0.01 2.1 × 10�5

γ2 0.0 0.0 0.0
μ (μm2) 28.30 51.57 22.01
m2 (μm4) 9741.0 15521.7 62263.0
cv (%) 334.1 219.9 1129.1
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Similar analyses for the longest chord length and
aspect ratio also indicate that the dominant mode model
given in Eq. (4) is a statistically acceptable model. Rather
than reproducing multiple graphs, the estimated parame-
ters are given in Tables 2 and 3. For the length and aspect
ratio, there is not as much scatter as for the particle area,
but it is still significant with cvs well over 100%. Again, the
entire cdf is required for adequate modelling because of the
bimodal nature of the data. These particle statistics
establish a foundation by which comparisons of the OWP
samples obtained from retired aircraft can be made.

Outer wing panel 7075-T6 aluminium alloy: particle
statistics

Figure 8 shows all eight sets of data for the particle areas
found along the LS surface, including those from the
seven OWPs and one from the common aluminium
alloy. As seen from Fig. 8, it is hard to graphically
distinguish one set from another. Because of the large
numbers of data for each specimen, the smallest data set
has over 1900 data points with a surface area that exceeds
6.0μm2. Despite this, the likelihood ratio test for

merging the data indicates that it is not acceptable statis-
tically to do so. Nevertheless, for engineering purposes, it
seems reasonable to merge these data because these are
particle data which, despite stressing, have engineering
similar size distributions. In fact, practically, it would be
an overwhelming task to keep track of heat-to-heat vari-
ability, especially considering the size of a typical military
fleet. In addition to the graphical shapes being strongly
similar between data sets, the variability in the data for
each specimen is also comparable. It is worth noting that
the spread of data seen in Fig. 8 spans nearly three orders
of magnitude for each specimen, while still retaining
such high correlation between data sets. Consequently,
it is assumed that all of the common alloy and OWP
data may be merged for particle geometry to obtain
large sample sizes.

Amalgamated sample sizes obtained by thus merging
the data of all eight specimens for the LS, LT and TS
surfaces are of 31 413, 13 798 and 23 351 data points,
respectively. There is therefore sufficient data to make
sure that the upper and lower tails of the estimated cdfs
adequately characterize the data. The bimodal dominant
mode model in Eq. (4) is considered to be the appropriate
cdf for the geometrical features of the particles.

Figure 9 shows the distributions of the area, longest
chord length and aspect ratio for particles on the LS
surface. These three distributions represent the merged
and grouped data for the seven OWPs and the common
alloy, along with their estimated cdfs, all plotted on
two-parameter Weibull probability paper. It should be
noted that the horizontal axis is dimensionless because
the area (μm2), longest chord length (μm) and aspect
ratio (dimensionless) have different units. The apparent
holes in the data in the lower tails are the result of
grouping. As mentioned earlier, there are extremely large
numbers of observations with the same numerical value,

Fig. 8 Area data for particles on the LS surface of the common 7075-
T6 aluminium alloy and seven OWPs; Weibull probability paper.

Table 2 Estimated parameters for particle length (μm) on the LS,
LT and TS surfaces of common 7075-T6 aluminium alloy. The
minimum length (γ1) of 3.42μm corresponds to the particle length
associated with the truncated minimum area of 6.0μm2

LS LT TS

α1 0.86 0.82 0.95
β1 (μm) 6.80 5.75 4.75
γ1 (μm) 3.42 3.42 3.42
α2 0.19 0.49 0.40
β2 (μm) 5.0 × 10�4 2.23 0.275
γ2 0.0 0.0 0.0
μ (μm) 7.31 8.54 5.05
m2 (μm2) 177.9 264.0 89.2
cv (%) 152.6 161.8 158.0

Table 3 Estimated parameters for particle aspect ratio on the LS,
LT and TS surfaces of common 7075-T6 aluminium alloy

LS LT TS

α1 1.25 1.1 1.28
β1 1.40 0.75 0.825
γ1 1.0 1.0 1.0
α2 0.35 0.73 0.75
β2 0.0325 0.575 0.475
γ2 0.0 0.0 0.0
μ 1.34 0.87 0.84
m2 5.75 3.26 2.88
cv (%) 149.0 180.4 174.5
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especially for small areas. The bimodal dominant mode
model is quite acceptable for all three sets of data; it is clear
that the area data are bimodal. Similar graphs for the LT
and TS surfaces are available, but they do not add signifi-
cantly to the discussion and, thus, were omitted.

The estimated parameters for the complete merged
data from the eight specimens for the bimodal dominant
mode cdfs for the LS, LT and TS surfaces, along with the
estimatedmean μ, the secondmoment about the originm2,
and the coefficient of variation cv, are contained in
Tables 4, 5 and 6, respectively. In order to assess the good-
ness-of-fit, the K–S and A–D tests were employed, which
indicate that the proposed cdfs are acceptable for any
significance less than 25%. Consequently, the estimated
cdfs are rather good for representing the merged data for
the 7075-T6 aluminium alloy. It should be noticed that
many of the estimated values in Tables 4, 5 and 6 are quite
similar to those in Tables 1, 2 and 3. This, again, is another
indication that for engineering purposes, the eight sets of
data may be merged. In other words, the estimated values
derived from the common 7075-T6 alloy are very similar
to the entire amalgamated sets of 7075-T6 data. Another
mutual feature between the sets of data is that the
coefficients of variation are similar, except for in the case
of the particle area on the TS surface, where variation is
considerably larger. Hence, a well-described model for
the cdf, essential for using these data for advanced mecha-
nistic modelling, has been proposed.

The variability in particle size and shape for each sur-
face is also apparent from the comparison of Tables 4–6.
The anisotropy in aluminium alloys is primarily due to
manufacturing and processing for each specific applica-
tion. In the rolling direction L, particles tend to be more
elongated, which is the case for the LT surface. Also, the
particles are more likely to be aligned in the primary
rolling direction, which leads to clustering of particles.

The spatial distribution of particles on the TS surface,
however, is typically uniformly distributed. Thus,
characterization of the geometric features of constitu-
ent particles on each surface is essential for accurate
statistical and mechanistic modelling of corrosion and
fatigue processes.

PARTICLE INDUCED FATIGUE CRACK STATISTICS

It has been conjectured that fatigue cracks nucleate from
large constituent particles in aluminium alloys, that is, the

Table 4 Estimated parameters for particle area (μm2) on the LS,
LT and TS surfaces of the merged 7075-T6 aluminium alloy data

LS LT TS

α1 0.65 0.58 0.68
β1 16.3 22.5 17.5
γ1 (μm2) 6.0 6.0 6.0
α2 0.15 0.29 0.35
β2 (μm2) 2.1 × 10�4 2.25 2.4
γ2 0.0 0.0 0.0
μ (μm2) 22.55 56.35 30.36
m2 (μm4) 2665.7 32273.5 4353.7
cv (%) 206.0 302.7 193.0

Table 5 Estimated parameters for particle longest chord length
(μm) on the LS, LT and TS surfaces of the merged 7075-T6
aluminium alloy data.

LS LT TS

α1 1.45 1.23 1.35
β1 (μm) 5.25 6.00 5.70
γ1 (μm) 2.83 2.80 2.83
α2 0.75 0.49 0.70
β2 (μm) 4.10 2.20 3.25
γ2 0.0 0.0 0.0
μ (μm) 6.43 7.76 6.49
m2 (μm2) 109.4 199.8 108.7
cv (%) 128.2 152.2 125.8

Table 6 Estimated parameters for particle aspect ratio on the LS,
LT and TS surfaces of the merged 7075-T6 aluminium alloy data

LS LT TS

α1 1.45 1.10 0.95
β1 1.25 0.95 0.75
γ1 1.0 1.0 1.0
α2 0.75 0.38 0.75
β2 1.03 0.060 1.00
γ2 0.0 0.0 0.0
μ 1.50 0.98 1.19
m2 7.05 3.95 5.74
cv (%) 146.4 177.3 174.8

Fig. 9 Area, longest chord length and aspect ratio data for particles
on the LS surface of the common 7075-T6 aluminium alloy and
seven OWPs with the estimated cdfs; Weibull probability paper.
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largest particles are the most critical in damage evolution
modelling. This conjecture, however, has been demon-
strated to be incorrect.3 In that paper, a centre hole was
machined in a laboratory specimen using the common
7075-T6 aluminium alloy (and measuring 0.225 in. thick,
4 in. long by 0.750 in. high), to simulate the response of a
fastener hole in an OWP. The specimen was subjected to
a generic flight spectrum for 28 398 cycles. The high
stress region of the hole (which corresponds to the LS
surface) was carefully observed with a scanning electron
microscopy (SEM) taken at the end of cycling. There
were 259 cracks in that specimen, 13 of which displayed
no particles observable from the surface inspection,
16 of which displayed multiple visible particles and
the remaining 230 had one discernible particle. There
may have been subsurface particles, not observed in
this study, that also contributed to the crack evolution.
There were also numerous surface particles imaged
that were not associated with an observable crack.

In order to further investigate the effect of particle
geometry on fatigue crack growth, a careful experimental
test was conducted to observe when particles crack and
when fatigue cracks initiate.3 A thorough description of
the experiment and data are given in Ref. [3]. Double-
notched specimens fabricated from a common 7075-T6
aluminium alloy were loaded with constant amplitude
loading, cycle by cycle. After a prescribed number of
cycles (as defined in Table 2 of Ref. [3]), the specimen
was investigated in the high stress region of each notch
using SEM, for a total of 224 high resolution images.
When a cracked particle was observed, it was imaged at
even higher resolution to accurately measure and track
small crack growth. A total of 1628 particles were
observed on the surface of the specimens, of which
30 cracked under fatigue loading. Of these, 28 cracked
prior to 10 fatigue cycles, and the other 2 cracked
between 100 and 300 cycles. There were 170 particles
that had cracked prior to loading, presumably during
material and specimen processing. Very few of the
previously cracked particles were significant in inducing
subsequent cracking. The physical reasons and under-
lying material properties compelling particles to crack
under load, and subsequently leading to appreciable
cracking, are a major outstanding concern for materials
science modelling.

Because particles that crack under loading are the
most critical in fatigue damage evolution, a closer investi-
gation of those particles is of interest. Figure 10 contains
the areas for the 30 particles that cracked under loading.
Previously, a three-parameter Weibull cdf given in
Eq. (1) was used to characterize these data;3 however,
some data in both the lower and upper tails were suffi-
ciently far from the estimated cdf that a significance of
at most 10%, using the K–S and A–D goodness-of-fit

tests, was permissible. The estimated cdf shown on
Fig. 10 is the bimodal dominant mode cdf, given in
Eq. (4). The estimated parameters are as follows:
α1 = 1.6, β1 =14.9 μm2, γ1 = 0.0, α2 = 0.3, β2 = 2.2 μm2 and
γ2 = 0.0. The estimated mean and cv are μ = 30.2 μm2,
and cv = 360%, respectively. The scatter is rather large
because these critical particles that lead to fatigue
damage evolution have areas that range from 2.3 to
144.2 μm2. The sample median and average areas of
these 30 data are 15.6 and 21.3 μm2, respectively, both
of which are significantly less than the estimated mean.
The dominant mode model places more emphasis on the
upper tail than simple measures of central tendency.
Selecting particles that lead to critical fatigue damage
growth a priori is difficult indeed, but using an appropriate
cdf will help with reliability assessments.

In order to investigate further the effect of particle
geometries on fatigue crack growth, careful inspection
of fastener holes in selected OWPs was conducted.
Figure 3 shows an SEM micrograph of the LS surface
of Hole 26 from OWP 0984. The dominant crack shown
is in excess of 800μm in length. Several cracks were
observed from meticulous observations in fastener holes
from OWP 0984, and then again similarly in OWPs
1002, and 1510. The sample sizes are 108, 194 and 16,
respectively. Furthermore, closer microscopic investi-
gation revealed that constituent particles were present
in most of the fatigue cracks. Consequently, fatigue
cracks that were induced by particles were investigated
statistically. Figure 11 shows the crack lengths
observed in fastener holes from the three OWP tear-
down inspections. The statistical character is consider-
ably more complex here, as fatigue cracks can be
heuristically considered to be small, medium and large
depending on the time of initiation. Thus, a trimodal
dominant mode model (Fmax) was considered, and
the corresponding cdf is

Fig. 10 Area of particles cracked under applied load; common 7075-
T6 aluminium alloy with estimated cdf; Weibull probability paper.
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Fmax xð Þ ¼ F1 xð ÞF2 xð ÞF3 xð Þ; (5)
where 1, 2 and 3 represent the modes for the small,
medium and large crack lengths, respectively. Again,
the underlying cdfs are assumed to be three-parameter
Weibull cdfs given by Eq. (1), when the location
parameter γ is identically zero for all three modes.
The resulting cdf proposed for the data characteriza-
tion is as follows:

F xð Þ ¼ 1� exp � x
β1

� �α1� �
� exp � x

β2

� �α2� �

�exp � x
β3

� �α3� �
þ exp � x

β1

� �α1

� x
β2

� �α2� �

þexp � x
β1

� �α1

� x
β3

� �α3� �

þexp � x
β2

� �α2

� x
β3

� �α3� �

�exp � x
β1

� �α1

� x
β2

� �α2

� x
β3

� �α3� �
:

(6)

Equation (6) is an excellent characterization for the fa-
tigue crack lengths observed in the fastener holes in
OWPs 0984 and 1002; however, it is not acceptable for
the data found in OWP 1510. The estimated parameters
for OWP 0984 are as follows: α1 = 2.0, β1 = 95.0μm,
α2 = 1.1, β2 = 310.0μm, α3 = 0.35 and β3 = 25.0μm, and
similarly for OWP 1002, they are α1 = 1.5, β1 = 65.0μm,
α2 = 1.9, β2 = 80.0μm, α3 = 1.4 and β3 = 170.0μm. The
measured crack lengths for OWP 1510, however, are
characterized by another type of multimodal model. For
this OWP, careful observation of the data indicates that
there is a shift at a probability level of about 0.20. This shift
is indicative of a mixtures mode of the following form:

Fmix xð Þ ¼ pF1 xð Þ þ 1� pð ÞFmax xð Þ; 0≤p≤1: (7)

The upper tail of the OWP 1510 data can be, in turn,
modelled by the bimodal dominant mode cdf from Eq.
(3). Assuming that all underlying cdfs are well described
by three-parameterWeibull cdfs, with location parameters
γ identical to zero, the form of Eq. (7) becomes

Fmix xð Þ ¼ p 1� exp � x
β1

� �
α1

� �� �

þ 1� pð Þ
(
1� exp � x

β2

� �α2� �

�exp � x
β3

� �α3� �
þ exp � x

β2

� �α2

� x
β3

� �α3� �)
;

(8)

where α1 = 6.0, β1 = 72.0μm, α2 = 3.4, β2 = 240.0μm,
α3 = 0.9, β3 = 205.0μm and p = 0.18 are the estimated
parameters. Graphically, all three cdfs are excellent
approximations for the data, which is also confirmed via
the K–S and A–D goodness-of-fit tests for significance
levels less than 0.25. The complex cdfs are warranted, both
statistically and mechanistically, due to the different stages
of fatigue crack growth. These are explicit examples of data
that require more sophisticated multimodal modelling
than the typical use of unimodal models. It may be
suggested that the form of the cdf for OWP 1510 is due
to the small sample size. If there had been approximately
100 fatigue cracks, the estimated cdf may have been the
trimodal dominant mode model. On the other hand,
expecting that many fatigue cracks is at odds with the high
level of reliability required for operational aircraft.
Consequently, statistically modelling the size of fatigue
cracks in fastener holes will need ongoing attention.

CONCLUS IONS

Eight different 7075-T6 aluminium alloys (one common
alloy and seven from OWP teardowns) were investigated
by traditional microscopy. Three mutually orthogonal
surfaces, LS, LT and TS, were observed for each of the
eight alloys. Geometric features of the constituent
particles such as area, longest chord length and aspect
ratio were characterized statistically. These geometric
properties are critical in modelling of corrosion fatigue
and fatigue crack growth in these specimens.

It was shown that these geometric variables are well
described by the bimodal dominant mode statistical
model (Eq. (4)), for which each of the underlying modes
are represented by a three-parameter Weibull cdf
(Eq. (1)). In fact, the model is well suited for

Fig. 11 Particle induced fatigue crack lengths in fastener holes in
OWPs with estimated cdfs; 7075-T6 aluminium alloy; Weibull prob-
ability paper.
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circumstances where the major feature is critical for
damage evolution. This bimodal dominant model
was chosen heuristically because there is a statistical
distinction between small and large particles. Indeed,
the statistical behaviour of the upper tail of the geo-
metric features is significantly different from that in
the lower tail, because of the low incidence of large
particles observed. The variability in the geometric
properties is quite large between these two regions,
covering almost three orders of magnitude, and
depends on material processing and manufacturing.
In addition, the statistical nature of the particles
characterized on the LS, LT and TS surfaces is suffi-
ciently different in each case so that particle data
could not be merged.

Even though the bimodal dominant mode model has
metaphysical and empirical justifications for its use, it is
not commonly employed for particle characterization.
Typically, standard practice in engineering is to use sim-
ple unimodal statistical models; the most common of
which are the lognormal and Weibull cdfs. The particle
data, however, cannot be readily characterized by such
simple models. The reason for this is that unimodal
models cannot adequately represent both the upper
and lower tails of the data when there is such great
variability. The bimodal dominant mode model used
herein is much more representative of the data because
it has a mode for each tail. It is, however, more
complicated, and parameter estimation is more difficult.
Nevertheless, modelling should be performed appropri-
ately rather than expediently. Herein, it has been
demonstrated that the bimodal dominant mode model
is a viable choice for particle characterization. Its use is
justified, and it should be adopted.

The impact of particle distributions on fatigue crack
growth is a more complex modelling issue. The particles
that are critical have variability in area similar to that for
all particles, making size alone insufficient to determine
which particles lead to crack initiation. There are other
material properties that are just as important, for
example, local stress state, grain boundary orientation
and particle geometry, to name a few. Subsequent fatigue
crack lengths are likewise distributed in an unusual
manner. Traditional unimodal statistical models are
insufficient to adequately characterize these data. It is
suggested that multimodal models (such as the trimodal

model presented in Eq. (8)) are required in order to cap-
ture the distinct phases of crack growth. Naturally, as
more intricate statistical models are used, the estimation
of the appropriate parameters becomes more difficult.
Nevertheless, in order to incorporate the statistical
characteristics into advanced mechanistic modelling,
accurate representation of materials data are warranted.
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